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Abstract
Let x0, x1, . . . , xn−1 be vertices of a convex n-gon P in the plane, where, x0x1, x1x2, . . . , xn−2xn−1 and xn−1x0
are edges of P . Let G= (N,E) be a multigraph, such that N = {0,1, . . . , n− 1}. Consider a graph-drawing of G
such that each vertex i ∈ N corresponds xi and each edge (i, j) ∈ E is drawn by a straight line segment. Denote
the sum of the lengths of the edges of G in such a drawing by SP (G). If SP (G) SP (G′) for any convex n-gon P ,
then we write as Gl G′. This paper shows two necessary and sufficient conditions of G l G′. Moreover, these
conditions can be calculated in polynomial time for any given G and G′.
 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let x0, x1, . . . , xn−1 be vertices of a convex n-gon in the plane (each internal angle may be equal to
π ), where, x0x1, x1x2, . . . , xn−2xn−1 and xn−1x0 are edges of the n-gon. Denote the length of the line
segment xixj by d(i, j).
Let G = (N,E) be a multigraph (i.e., parallel edges and self-loops are permitted) with vertex set
N = {0,1, . . . , n− 1} and edge set E. In G= (N,E), E may be denoted by E(G). In this paper, a vertex
set of each multigraph is fixed to N = {0,1, . . . , n−1}. Define a length of G with respect to an n-gon P as
SP (G) :=
∑
(i,j)∈E(G)
d(i, j).
SP (G) can be regarded as a sum of edge length of a multigraph G drawn in the plane such that each ver-
tex of G is equal to a corresponding vertex of P and each edge of G is given by a straight line segment
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Fig. 1. (a) multigraph G, (b) convex polygon P , (c) G drawn on P .
(see Fig. 1, for example). Graph drawing is a very important research area and the sum of edge lengths
is a crucial criterion for evaluating drawing methods [1].
1.1. A partial-order “l” based on SP (G)
We introduce a partial-order “l” as follows. Let G and G′ be two multigraphs. If SP (G) SP (G′)
for any convex polygon P , then G l G′ (“l” means length). If G l G′ and G 	=G′, then G ≺l G′. l
is clearly a partial-order.
For any two subsets X,Y ⊆ V , E(X,Y ;G) denotes an edge set between X and Y , i.e., E(X,Y ;G) :=
{(i, j) ∈ E | i ∈ X, j ∈ Y }. c(X,Y ;G) := |E(X,Y ;G)|. For i, j ∈N , define N[i, j ] as {i, i + 1, . . . , j}
if i  j , or {i, i+ 1, . . . , n− 1,0,1, . . . , j} if i > j . N(i, j) :=N[i, j ]− {i, j}. We adopt the cyclic order
for treating integers (vertices) in N , e.g., i  j  k means j ∈ N[i, k], i  j  k  h means i  j  k
and k  h i, and i± j is i ′ ∈N such that i′ ≡ i± j (mod n). If N[i, j ] is a proper subset of N , N[i, j ]
is called a linear-cut. We define Eq := {(i, i+q) | i ∈N} for each integer 0 q  n/2. Gq := (N,Eq).
Gq is a 2-regular graph.
The authors have presented the following properties [2].
Theorem [2].
(1) Gq ≺l Gq+1 for q = 0,1, . . . , n/2− 1.
(2) For any 2-regular multigraph G( 	=Gn/2), G≺l Gn/2.
(3) If G( 	=G1) is a 2-regular multigraph such that c(N[i, j ];G) > 0 for every linear-cut N[i, j ], then
G1 ≺l G.
(1) of the theorem was first conjectured by Jorge Urrutia in the open problem session of the Japan
Conference on Discrete and Computational Geometry 1998 (JCDCG’98). For an example of this
theorem, see Fig. 2. (1) of the theorem claims that SP (G1)  SP (G2)  SP (G3) for any convex
polygon P . (Note that in Ref. [2], the more general property “SP (Gq) is a strictly increasing and strictly
concave function for any convex polygon P if 1  q  n/2 − 1” was shown.) It is clear if P is a
regular polygon, because d(i, i+p) < d(i, i+ q) for every 1 p < q  n/2. However, if the polygon
is not regular, there is a case that d(i, i + p) > d(i, i + q) for some 1  p < q  n/2. For example,
d(0,2) > d(0,3) in the polygon of Fig. 1(b).
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Fig. 2. (a) G1, (b) G2 and (c) G3 drawn on a convex polygon P .
Fig. 3. An example for nonconvex poly-
gons: solid lines are edges of G1 and bro-
ken lines are edges of G2.
Fig. 4. Cross-operation (i, j;k,h).
If the polygon is not convex, the properties of the theorem do not hold. For example, SP (G1) > SP (G2)
in the nonconvex polygon of Fig. 3.
In this paper, we present general properties of SP (G) for convex polygons, which implies Theorem [2].
We begin with some notations.
E(X,V −X;G) and c(X,V −X;G) can be also represented as E(X;G) and c(X;G), respectively,
for notational simplicity. A singleton set {x} may be simply written as x. Note that the degree of a vertex
i ∈N can be represented by c(i;G).
1.2. Cross-operations and a partial-order “o”
Let (i, j) and (k, h) be a pair of edges such that i < j < k < h (see Fig. 4(a)). By deleting (i, j)
and (k, h) from E(G) and putting (i, k) and (j, h) in E(G), a new multigraph G′ = (N,E′) is obtained
(see Fig. 4). (Note that G may include multiple edges. If (i, j) (respectively, (k, h)) has a parallel edge,
just one is subtracted from the multiplicity of (i, j) (respectively, (k, h)). Similarly if (i, k) (respectively,
(j, h)) already exists in G, one is added to the multiplicity of (i, k) (respectively, (j, h)).) This operation
is called a cross-operation and it is denoted by (i, j ;k,h).
If G′ can be obtained from G by applying a sequence of cross-operations, then G o G′ (“o” means
operation). G≺o G′ means Go G′ and G 	=G′.
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Fig. 5. A sequence of cross-operations modifying G1 into G2.
1.3. A partial-order “c” based on the size of linear-cuts
If c(N[i, j ];G)  c(N[i, j ];G′) for every linear-cut N[i, j ], then G c G′ (“c” means cut). We will
show in Corollary 6 that if G c G′ and G′ c G, then G = G′. Thus we can say G ≺c G′ if G c G′
and G 	=G′.
Theorem. The three partial orders l , o and c are equivalent for any pair of multigraphs G= (N,E)
and G′ = (N,E′) with |E| = |E′|. That is, each one of G l G′, G o G′ and G c G′ implies the
others.
For example, consider 2-regular graphs. Gq ≺c Gq+1 is clear for any q = 0,1, . . . , n/2 − 1.
Moreover, G2 can be obtained by applying a sequence of cross-operations 〈(n− 1,0;1,2), (0,1;3,4),
(2,3;4,1), (0,3;4,5), (0,4;5,6), . . . , (0, n− 3;n− 2, n− 1)〉 (see Fig. 5), i.e., G1 ≺o G2.
Note that Theorem [2] is a corollary of the theorem. We present a proof of the theorem in the next
section.
2. Proof
Lemma 1. If Go G′, then Gl G′.
Proof. It is clear from the triangle inequality. ✷
Lemma 2. If Gl G′, then Gc G′.
Proof. Suppose that G c G′ does not hold, i.e., there are i, j ∈ N such that c(N[i, j ];G) >
c(N[i, j ];G′). We construct a polygon P satisfying SP (G) > SP (G′) as follows. X = {xk | k ∈N[i, j ]}
H. Ito / Computational Geometry 24 (2003) 41–47 45
and Y = {xk | k ∈ N(j, i)}. Put all vertices x ∈ X in a circle whose center is (0,0) and radius is r . Let
p > 0 be a real number. Put all vertices x ∈ Y in a circle whose center is (p,0) and radius is r . We can
locate all vertices satisfying the above conditions and convexity for each r and p. By letting p be far
larger than r , SP (G) > SP (G′). ✷
Lemma 3. For any pair of multigraphs G= (N,E) and G′ = (N,E′) with |E(G)| = |E(G′)|, Gc G′
implies Go G′.
We use the following preliminary lemmas to prove Lemma 3.
Lemma 4. Let G = (N,E) and G′ = (N,E′) be two multigraphs. For any linear-cut N[i, j ],
c(N[i, j ];G)− c(N[i, j ];G′) is even if and only if∑{c(k;G)− c(k;G′) | k ∈N[i, j ]} is even.
Proof.
∑
k∈N[i,j ]
c(k;G)= c(N[i, j ];G)+ 2c(N[i, j ],N[i, j ];G), (1)
∑
k∈N[i,j ]
c(k;G′)= c(N[i, j ];G′)+ 2c(N[i, j ],N[i, j ];G′). (2)
From (1)–(2), the statement follows. ✷
For i, j ∈N , a multigraph obtained from G= (N,E) by contracting N(j, i) to a vertex is denoted by
G[i, j ].
Lemma 5. Let 0  k  n− 1 be an integer. If c(N[i, j ];G) = c(N[i, j ];G′) for all i, j ∈ N such that
|N[i, j ]| k, then G[i, j ] =G′[i, j ] for all i, j ∈N such that |N[i, j ]| k.
Proof. We use an induction. If k = 0 or 1, then the truth of the proposition is clear. Assume that for
an h  2 if k < h, the statement is correct. Further assume that c(N[i, j ];G) = c(N[i, j ];G′) for all
i, j ∈ N such that |N[i, j ]|  h. These assumptions imply that G[i, j ] = G′[i, j ] for all i, j ∈ N such
that |N[i, j ]|< h.
Consider a linear-cut N[i, j ] such that |N[i, j ]| = h. If c(i, j ;G) = c(i, j ;G′), then G[i, j ] =
G′[i, j ]. Without loss of generality we assume that c(i, j ;G) > c(i, j ;G′). From c(i;G)= c(i;G′) and
c(i,N(i, j);G)= c(i,N(i, j);G′),
c
(
i,N(j, i);G)< c(i,N(j, i);G′). (3)
Similarly,
c
(
j,N(j, i);G)< c(j,N(j, i);G′). (4)
From the assumption, c(N(i, j),N[j, i];G) = c(N(i, j),N[j, i];G′), c(N(i, j), i;G = c(N(i, j), i;
G′), and c(N(i, j), j ;G)= c(N(i, j), j ;G′), hence
c
(
N(i, j),N(j, i);G)= c(N(i, j),N(j, i);G′). (5)
From (3), (4) and (5), c(N[i, j ];G) < c(N[i, j ];G′), establishing the desired contradiction. ✷
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Corollary 6. If Gc G′ and G′ c G, then G=G′.
Proof. By letting k = n− 1 in Lemma 5, the statement can be obtained. ✷
Lemma 7. Let k (2  k  n − 1) be an integer. Let i, j ∈ N be integers such that |N[i, j ]| = k. If
c(N[i′j ′];G) = c(N[i′, j ′];G′) for all i′, j ′ ∈ N (|N[i′, j ′]| < k) and c(N[i, j ];G) < c(N[i, j ];G′),
then c(i, j ;G) > c(i, j ;G′).
Proof. From Lemma 5, we obtain c(i,N(i, j);G) = c(i,N(i, j);G′) and c(j,N(i, j);G) = c(j,
N(i, j);G′). From the assumption, c(N(i, j);G) = c(N(i, j); G′). Thus, c(N(i, j),N(j, i);G) =
c(N(i, j),N(j, i);G′). By considering c(N[i, j ];G) < c(N[i, j ];G′), c(i,N(j, i);G) < c(i,N(j, i);
G′) or c(j,N(j, i);G) < c(j,N(j, i);G′) hold. Without loss of generality c(i,N(j, i);G) < c(i,N(j, i);
G′). We have c(i;G) = c(i;G′) and c(i,N(i, j);G) = c(i,N(i, j);G′), thus c(i, j ;G) > c(i, j ;G′) is
obtained. ✷
Now, we can prove Lemma 3.
Proof of Lemma 3. Assume Gc G′. Let k (0 k  n− 1) be a largest integer satisfying that
c
(
N[i, j ];G) = c(N[i, j ];G′) for all i, j ∈N such that |N[i, j ]| k.
From Lemma 5, G[i, j ] =G′[i, j ] for all i, j ∈N such that |N[i, j ]| k. Then if k = n−1, the statement
is trivial.
Otherwise, let i0, j0 ∈N be a pair such that |N[i0, j0]| = k+ 1 and c(N[i0, j0];G) 	= c(N[i0, j0];G′)
(see Fig. 6). From G c G′, c(N[i0, j0];G) < c(N[i0, j0];G′). From Lemma 7, c(i0, j0;G) >
c(i0, j0;G′), hence (i0, j0) ∈E(G).
c(N[i0, j0];G) < c(N[i0, j0];G′) is equivalent to c(N(j0, i0);G) < c(N(j0, i0); G′). Let i1 be an
integer such that c(N[j0 + 1, i];G) < c(N[j0 + 1, i];G′) for i ∈ N[i1, i0 − 1] and c(N(j0, i1);G) =
c(N(j0, i1);G′). (From the assumption, there exists such an i1.) It follows that there exists an edge
(i1, j1) ∈E(G) such that j1 ∈N(j0, i1). Let i2 ∈N[i1, i0 −1] and j2 ∈N[j0 +1, j1] be integers such that
(i2, j2) ∈E(G),
c
(
N[i1, i0 − 1],N(j0, j2);G
)= 0 (6)
and c(N(i2, i0), j2;G)= 0. Note that i2 and j2 may be equal to i1 and j1, respectively.
Fig. 6. Relation of i0, j0, i1, j1, i2 and j2.
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We will show that c(N[j, i];G) < c(N[j, i];G′) for any i ∈ N[i2, i0 − 1] and j ∈ N[j0 + 1, j2] as
follows. Assume that there are i′ ∈ N[i2, i0 − 1] and j ′ ∈ N[j0 + 1, j2] such that c(N[j ′, i′];G) =
c(N[j ′, i′];G′). By considering c(N(j0, i1);G) = c(N(j0, i1);G′), c(N[j0 + 1, i′];G) < c(N[j0 + 1,
i′];G′) and c(N[j ′, i1 − 1];G)  c(N[j ′, i1 − 1];G′), we obtain that c(N[i1, i′],N(j0, j ′);G) > 0,
contradicting (6). Therefore,
c
(
N[j, i];G) < c(N[j, i];G′) for any i ∈N[i2, i0 − 1] and j ∈N[j0 + 1, j2]. (7)
From the assumption, c(i;G) = c(i;G′) for all i ∈ N . Thus from Lemma 4, expression (7) can be
rewritten as
c
(
N[j, i];G)  c(N[j, i];G′)− 2 for any i ∈N[i2, i0 − 1] and j ∈N[j0 + 1, j2]. (8)
Denote a multigraph obtained by applying cross-operation to (i0, j0) and (i2, j2) of G by G′′. Clearly,
G≺c G′′. From (8), G′′ c G′. Thus by applying the above operation recursively, we can get a sequence
of cross-operations for modifying G to G′, i.e., Go G′. ✷
Proof of the theorem. Follows immediately from Lemmas 1, 2 and 3. ✷
3. Concluding remarks
This paper shows that three partial-orders l , o and c are equivalent. For investigating G c G′,
only linear-cuts are tested, thus it can be determined in polynomial time. Therefore, we can solve a
problem of determining whether or not SP (G)  SP (G′) for any convex polygon P for given two
multigraphs G and G′ with |E(G)| = |E(G′)| in polynomial time. Moreover, if G c G′, we can find a
sequence of cross-operations for modifying G to G′ by using the discussion of the proof of Lemma 3 in
polynomial time.
In this paper, Euclidean distance is used. However, for any distance (for example, Lk distance) in
which the triangle inequality holds, the same results can be obtained.
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